We prove a concordance version of the 4-dimensional light bulb theorem allowing for the dual sphere to be immersed with an arbitrary intersection number. That is, we show that if S0 and S1 are 2-spheres in a 4-manifold X that are homotopic and there exists an immersed 2-sphere G in X intersecting S0 geometrically once, then S0 and S1 are concordant if and only if their Freedman-Quinn invariant fq vanishes. This is an invariant of a pair of based-homotopic 2-spheres recently studied by Schneiderman and Teichner; we make sense of the invariant for freely homotopic spheres in this setting. The proof involves redefining fq in terms of covering spaces and then applying work of Sunukjian in the setting of simply-connected manifolds. We give a similar statement for higher genus surfaces whose fundamental groups map trivially into that of X.
Introduction
In this paper we work in the smooth category unless otherwise specified. All manifolds are smooth and oriented; all maps between manifolds are smooth. The main goal of this paper is to prove a concordance analogue of Gabai's 4-dimensional light bulb theorem. The 4-dimensional light bulb theorem strengthens homotopy of embedded 2-spheres R and R in a 4-manifold X 4 to isotopy, given a dual sphere G which intersects both R and R exactly once and a condition on how the homotopy interacts with 2-torsion in π 1 (X). In §3 we give a detailed statement of the light bulb theorem when π 1 (X) has no 2-torsion, and in §5 we discuss the statement in general. The second author later proved a concordance analogue of the light bulb theorem: If there exists a 2-sphere G which intersects R exactly once (but with no condition on G ∩ R ) and the condition on 2-torsion in π 1 (X) is satisfied, then R and R are concordant.
Definition 1.1. Let A and B be k-dimensional submanifolds of an n-manifold M n , k ≤ n. We say that A and B are concordant if there exists a k-manifold Σ and a smooth embedding f : Σ×I → M ×I so that f (Σ×0) = A×0 and f (Σ×1) = −B×1. Note that if A and B are ambiently isotopic, then they are concordant.
In particular, we say that two 2-spheres R and R in a 4-manifold X are concordant if there is a smooth embedding S 2 × I → X 4 × I with boundary (R × 0) (−R × 1).
MK was supported by the Max Planck Institute for Mathematics (MPIM) in Bonn, Germany during the time of this project. MM was supported by MPIM during part of this project, as well as NSF Grant No. DGE-1656466. With the following theorem, which is the main theorem of this paper, we extend the setting to the case where G is immersed with arbitrary self-intersection number.
Theorem 1.2. Let S 0 and S 1 be two homotopic embedded 2-spheres in a 4-manifold X 4 . Assume that the meridian of S 0 is null-homotopic in X − S 0 . Then S 0 and S 1 are concordant if and only if fq(S 0 , S 1 ) = 0.
We make use of recent work of Schneiderman and Teichner, who introduce the invariant fq associated to a pair of based-homotopic 2-spheres in a 4-manifold. We define fq in §4 (and discuss free homotopy vs. based homotopy in §4.3).
Theorem 1.2 has the following corollary (suggested by Sunukjian in [Sun15] and in personal communication). Corollary 1.3. Let S 0 and S 1 be 2-spheres embedded in a 4-manifold X 4 with good fundamental group in the sense of Freedman and Quinn [FQ90] . Assume that S 0 and S 1 are homotopic and that the meridian of S i is nullhomotopic in X − S i for each i. Then if fq(S 0 , S 1 ) = 0, there exists a homeomorphism of pairs (X, S 0 ) ∼ = (X, S 1 ).
In this paper, Corollary 1.3 is the only time we leave the smooth category. A version of this corollary originally appeared in [Sun15] (for π 1 (X) with no 2-torsion) and later in [Mil19] (when S 0 has an embedded dual sphere). We restate the proof of Sunukjian [Sun15] here. Figure 1 . The 3-dimensional light bulb trick allows us to realize crossing changes of K by isotopy. Figure 2 . When K ⊂ S 2 × S 1 intersects S 2 × pt algebraically once, we can achieve crossing changes of K by concordance.
Using the dual S 2 × S 1 , each of these crossing changes can be achieved as isotopy rather than homotopy. See Figure 1 .
Theorem 2.2 ( [Yil18] , [DNPR18] ). Let K be a knot smoothly embedded in S 2 × S 1 in the homology class [pt ×S 1 ]. Then K is concordant to pt ×S 1 .
We summarize the proof of Yildiz [Yil18] .
Proof. By assumption, [K] = [pt ×S 1 ]. Since π 1 (S 2 × S 1 ) ∼ = Z is abelian, this implies that K is homotopic to pt ×S 1 . This homotopy consists of a sequence of crossing changes. In Figure 2 , we show how to surger K along 2-dimensional 1handles (bands) to obtain a link of pt ×S 1 and several meridians U 1 , . . . , U n . In S 2 × S 1 , these meridian circles are unknotted, so can be deleted by surgering the link along 2-dimensional 2-handles (disks). This sequence of operations describes a handle decomposition of an annulus embedded in (S 2 × S 1 ) × I with boundary (K × 0) ((− pt ×S 1 ) × 1).
Four-dimensional motivation
In this section, we describe past results related to our main theorem to give context to our work. This section is not necessary in understanding the proof of Theorem 1.2.
In 2017, Gabai [Gab17] proved the following theorem about isotopy of surfaces in 4-manifolds.
Theorem 3.1 (4D light bulb theorem, [Gab17] ). Let S 0 , S 1 , and G be 2-spheres smoothly embedded in a smooth 4-manifold X 4 . Assume that S 0 and S 1 are homotopic, G has trivial normal bundle, and S 0 and S 1 both transversely intersect G in exactly one point. Finally, assume π 1 (X) has no 2-torsion. Then S 0 and S 1 are ambiently smoothly isotopic.
In Theorem 3.1, the assumption that π 1 (X) has no 2-torsion is essential. Schwartz [Sch19] later gave explicit examples of triples (S 0 , S 1 , G) of 2-spheres in a 4-manifold X with π 1 (X) ∼ = Z/2 that satisfy the other hypotheses of Theorem 3.1, but yet S 0 and S 1 are not isotopic. We discuss these examples in §7.
The second author then proved a concordance version of the theorem, explicitly using the 4-dimensional light bulb theorem. Mil19] ). Let S 0 , S 1 , and G be 2-spheres smoothly embedded in a smooth 4-manifold X 4 . Assume that S 0 and S 1 are homotopic, G has trivial normal bundle, and S 0 transversely intersects G in exactly one point. Finally, assume π 1 (X) has no 2-torsion. Then S 0 and S 1 are smoothly concordant.
Note that Theorem 3.2 requires that one of the 2-spheres (S 0 ) admit a dual sphere G. This assumption is essential; in general we do not expect arbitrary homotopic 2spheres in a 4-manifold (even without 2-torsion in π 1 ) to be concordant. In Theorem 1.2, we weaken the condition that S 0 have a dual sphere to the meridian of S 0 being nullhomotopic in X−S 0 . This weaker condition requires the presence of an immersed dual for S 0 rather than an embedded dual.
The conclusion of Theorem 3.2 (and Theorem 1.2) cannot be isotopy, rather than concordance. Sato [Sat91] constructs a 2-sphere K in S 2 × S 2 which is homotopic to S 2 × pt but not isotopic to S 2 × pt. Theorem 3.2 (and indeed [Sun15, Theorem 6.1]) implies that K is concordant to S 2 × pt. See §7 for a more detailed construction of this example.
Again, Schwartz's [Sch19] examples show that the 2-torsion assumption in Theorem 3.2 is necessary, as her counterexamples to the 4D light bulb theorem in the presence of 2-torsion are also counterexamples to an analog of Theorem 3.2 in the presence of 2-torsion. See §7.
The 4D lightbulb theorem was reproved and generalized by Schneiderman and Teichner in [ST19] . They fix a homotopy between the two 2-spheres consisting of a sequence of finger moves followed by a sequence of Whitney moves. They then consider the immersed sphere at the center of this homotopy and show that the choice of Whitney moves does not affect the isotopy class of the resulting embedded 2-sphere if there is no 2-torsion in π 1 (X). When π 1 (X) has 2-torsion, Schneiderman and Teichner relate the ambiguity to the Freedman-Quinn invariant.
The impetus of this current paper was a subtle error in an argument in [Sun15] involving 2-torsion. Theorem 1.2 corrects this error by adding an assumption about the Freedman-Quinn invariant vanishing.
The Freedman-Quinn Invariant
We first review the definition of the Freedman-Quinn invariant as in [ST19] . This consists of the original 6-dimensional definition and a 5-dimensional method of computation. Both of these definitions can be translated into corresponding methods of computation using intersections of lifts in the universal covering space, which we present in §4.2.
To define the codomain of fq, one needs to define a certain homomorphism µ 3 : π 3 (X) → F 2 T X . Each definition of fq comes with a corresponding definition of µ 3 . 4.1. Schneiderman-Teichner's constructions. Let X be a smooth, oriented, based 4-manifold. We write
We call this the 2-torsion subset of π 1 (X). In this section, we will describe Schneiderman and Teichner's [ST19] definition/method for computing the Freedman-Quinn invariant: the original definition is 6-dimensional, while the second (equivalent) definition is 5-dimensional. The 5-dimensional definition is most similar to the techniques that will be used to prove Theorem 1.2, but the 6-dimensional definition is easier to state and prove to be well-defined. 4.1.1. A 6-dimensional definition of fq. We write F 2 T X to denote the F 2 -vector space with basis T X . We have an embedding F 2 T X → Zπ 1 (X)/ g + g −1 , 1 given by g → g. We now describe a homomorphism µ 3 : π 3 (X) → F 2 T X . Choose a basepoint for S 3 . Given a based map f : S 3 → X, cross the codomain with R 2 to obtain a new map (we abuse notation) f : S 3 → X × R 2 , and then perturb f so that it is generic and hence an embedding away from double points of intersection.
Definition 4.1 (µ 3 , [ST19, Section 4]). For each double point p in the image of f , choose an arc between the preimages f −1 (p). This arc maps to a closed loop λ p in f (S 3 ) based at p. Conjugate this loop by an arc contained in f (S 3 ) from the basepoint to p to obtain a based loop γ p . The convention that the arc be contained in f (S 3 ) ensures that the choice of the arc does not affect the resulting element of pi 1 . We write g p := [γ p ] ∈ π 1 (X). See Figure 3 . Thus, to every self-intersection of f , we associate an element of π 1 (X). Schneiderman-Teichner [ST19] show that this element is contained in {1} ∪ T X (i.e. they show g 2 p = 1). We write
As in [ST19] , one can verify that µ 3 : π 3 (X) → F 2 T X is a homomorphism. Figure 3 . The image of a map f : S 3 → X 4 × R 2 with isolated selftransverse self-intersections, one of which is point p. To associate an element of π 1 (X) to p, we choose an arc in S 3 between the two preimages of p. This arc maps to a loop in f (S 3 ) through p. We then conjugate this loop by an arc contained in the image of f between p and the basepoint to obtain a based loop γ p . We write g p := [γ p ] ∈ π 1 (X).
track of a based homotopy from S 0 to S 1 ). By taking the product of the codomain with R, we have a map from a 3-manifold to a 6-manifold, M := H(S 2 × I) ⊂ X × {0} × I ⊂ X × R × I. By perturbing this map slightly, we obtain an immersion with isolated double points. As in the previous definition, for each point p ⊂ M of self-intersection, we obtain a signed element g p of T X ∪ {1}. We define fq(S 0 , S 1 ) := p∈M ∩M,gp =1 g p ∈ F 2 T X /µ 3 (π 3 (X)).
The invariant fq is associated to the pair of spheres (S 0 , S 1 ), and is independent of the map H. Given an element f of π 3 (X), we could surger H along f to obtain a new based map H : S 2 × I → X × I where fq(H ) and fq(H) differ by µ 3 (f ). We quotient the codomain of fq by µ 3 (π 3 (X)) to ensure that fq is well-defined.
4.1.2.
A 5-dimensional construction of fq. Now we discuss Schneiderman and Teichner's [ST19] 5-dimensional method of computing µ 3 and fq. Our Proposition 4.4 is the content of Section 4.D of [ST19] . The following proposition is proved in the same way. Figure 4 . Let C f denote the set of circles of self-intersection of f which have connected preimages under f . Given γ ∈ C f , we may choose an arc in f (S 3 ) from the basepoint to γ to obtain an element [γ] ∈ π 1 (X). Since f −1 (γ) is nullhomotopic in S 3 , we must have [γ] ∈ T X . γ * γ * Figure 4 . A circle γ of self-intersection of an immersed S 3 or S 2 × I in X × I. Since the 3-manifold is simply-connected, γ represents an element g of π 1 (X). Left: γ has disconnected preimage under the immersion. We conclude g = 1 and γ ∈ C f . Right: γ has connected preimage under the immersion. We conclude g 2 = 1 and γ ∈ C f .
Then we have
µ
Note that the orientation of the circles γ in the above does not affect the resulting element of π 1 . Additionally, there is a similar alternative way of computing fq.
Proposition 4.4 ([ST19]). Let S 0 , S 1 : S 2 → X be based 2-spheres smoothly embedded in a compact, oriented, smooth, based 4-manifold X 4 . Let H : (S 2 , * ) × I → (X, * ) × I be an immersion with self-transverse self-intersections and H(S 2 × 0) = S 0 × 0 and H(S 2 × 1) = −S 1 × 1 (e.g. the track of a based homotopy from S 0 to S 1 ). Let C H denote the set circles of self-intersection of H which have connected preimage under H. Given γ ∈ C H , we may choose an arc in f (S 3 ) from the basepoint to γ to obtain an element [γ] ∈ π 1 (X).
Computing fq using intersections of lifts in covering spaces. For the purposes of this paper, it will be useful to give new methods of computing µ 3 and fq in terms of covering maps. We will again give 5-dimensional and 6-dimensional variations on the definition of both µ 3 and fq.
4.2.1.
Computing fq using covering spaces: 6-dimensional version. Let X 4 be a smooth based 4-manifold and choose a basepoint for the universal cover X above the basepoint of X.
Proposition 4.5. Fix a based map f : S 3 → X and cross the codomain with R 2 to obtain a new map f : S 3 → X × R 2 and perturb f to be generic and hence an embedding away from double points of intersection.
Let Y indicate the union of images of all lifts of f to X × R 2 , and let Y 1 be the image of the lift of f based at the basepoint for X. Perturb Y equivariantly so that Y 1 intersects other components of Y transversely in isolated points. Now π 1 (X) acts on X, and in particular on Y by permuting the lifts of f . Let
Let A be an arc in Y 1 from the basepoint of Y 1 to p, and B an arc in Y g from p to q. Then γ p := π(A)π(B)π(A) is a based loop in X with [γ p ] = g π(p) , as in Definition 4.1.
We note that if s is a self-intersection of π(Y ) with g s = 1, then s lifts to a point of self-intersection of Y 1 and Y gs . Since g s acts on Y 1 ∩ Y gs by permuting pairs of points, there are exactly two lifts of s in Y 1 ∩ Y gs .
We therefore conclude that for every two points in
The following result is proved similarly: we compare the proposed formula for fq to that in Proposition 4.2.
Proposition 4.6. Let S 0 , S 1 : S 2 → X 4 be based embeddings of spheres in X 4 that are based homotopic in X. Let Y be the image of an immersion H : S 2 × I → X × R × I that has H| S 2 ×0 = S 0 when we consider S 0 as a map into X × {0} × {0} and similarly H| S 2 ×1 = −S 1 when we consider S 1 as a map into X × {0} × {1}.
Given g ∈ π 1 (X), let Y g := g · Y 1 . Perturb the Y g equivariantly so that Y 1 and Y g have isolated transverse intersections for all g. Then
4.2.2.
Computing fq using covering spaces: 5-dimensional version. Finally, we give yet another pair of definitions of µ 3 and fq: 5-dimensional definitions involving coverings. These constructions will be essential in the proof of Theorem 1.2.
Proposition 4.7. Fix a based map f : S 3 → X and cross the codomain with R to obtain a new map f : S 3 → X × R and perturb f to be generic and hence an embedding away from circles of double points.
Let Y indicate the union of images of all lifts of f to X × R, and let Y 1 be the image of the lift of f based at the basepoint for X. Perturb Y equivariantly so that Y 1 intersects other components of Y transversely in circles. Now π 1 (X) acts on X, and in particular on Y by permuting the lifts of f . Let
Then
Proof. We will prove this by showing that the given formula for µ 3 is equivalent to that in Proposition 4.3.
Let p : X → X denote the universal covering map. Fix f ∈ π 3 (X), a generic perturbation f : S 3 → X × I, and an element g ∈ T X . Recall from Proposition 4.3 that every circle of self-intersection in the image of f corresponds to an element of π 1 (X). We give bijections
First, we show that these maps are well-defined and then we verify that they are inverses of one another. Let C be a circle of intersection of Y 1 and Y g that is fixed setwise by g (i.e. g acts on C by rotation through π). Then p :
Since g is nontrivial, C is a connected circle formed by two arc lifts of C. The action of g permutes these arcs, fixing C setwise. Now consider the two defined maps, p (projection) and
The composition in either order is clearly the identity. This completes the proof.
The following result follows by the same argument as in Proposition 4.7. We similarly compare the proposed formula for fq to that in Proposition 4.4.
Proposition 4.8. Let S 0 , S 1 : S 2 → X 4 be based embeddings of spheres in X that are based-homotopic in X. Let H be an immersion H : (S 2 , * ) × I → (X, * ) × I that has H| S 2 ×0 = S 0 when we consider S 0 as a map into X × {0} and similarly H| S 2 ×1 = −S 1 when we consider S 1 as a map into X × {1}.
Let Y indicate the union of images of all lifts of H to X × I, and let Y 1 be the image of the lift of f based at the basepoint for X. Perturb Y equivariantly so that Y 1 intersects other components of Y transversely in circles. Now π 1 (X) acts on X, and in particular on Y by permuting the lifts of H. Let
4.3. Based homotopy versus free homotopy. In this section, we have given many definitions of fq(S 0 , S 1 ) when S 0 , S 1 are based-homotopic 2-spheres in a 4manifold X 4 . In the main theorem of this paper, we consider 2-spheres which are homotopic, but do not specify that this homotopy is based. Schneiderman and Teichner [ST19, Lemma 2.1] show that when S 0 and S 1 have a common geometric dual (and agree near the dual), then if S 0 and S 1 are homotopic then they are based-homotopic. We need a related such result in order to deal with basepoints.
Proposition 4.9. Let S 0 and S 1 be 2-spheres smoothly embedded in a smooth 4manifold X 4 . Let G be a 2-sphere immersed in X. Assume that S 0 intersects G transversely once at a point z and that S 0 and S 1 are homotopic. Then after an isotopy of S 1 , S 0 and S 1 are based-homotopic with basepoint z.
Take H to be transverse to G and consider L = H −1 (G×I), a properly embedded 1-dimensional submanifold of S 2 × I. Note the boundary of L consists of z 0 × 0, and an odd number of points of the form y i ×1. Let L 0 be the component of L containing z 0 × 0 and assume the other endpoint of L 0 is y 0 × 1. Compose H with an isotopy of S 1 taking H(y 0 ) to z by isotopy in G and set the resulting composed homotopy to be H.
is the identity and we conclude [S 0 ] = [S 1 ] ∈ π 2 (X, z). See Figure 5 for an illustration.
In Theorem 1.2 (or in the 4D light bulb theorem), we assume that spheres S 0 and S 1 are homotopic. By Proposition 4.9, there exists another 2-sphere S 1 isotopic to S 1 so that S 0 and S 1 are based-homotopic. The sphere S 0 is concordant (resp. isotopic) to S 1 if and only if it is concordant (resp. isotopic) to S 1 . Thus, we may without loss of generality take S 1 to be based-homotopic to S 0 .
The generalized 4D light bulb theorem
We are now ready to state the more general version of the 4D light bulb theorem that holds in 4-manifolds whose fundamental groups include 2-torsion.
Theorem 5.1 (4D light bulb theorem, [Gab17] [ST19] ). Let S 0 , S 1 , and G be 2spheres smoothly embedded in a smooth 4-manifold X 4 . Assume that S 0 and S 1 are homotopic, G has trivial normal bundle, and S 0 and S 1 both transversely intersect G in exactly one point. Then S 0 and S 1 are ambiently smoothly isotopic if and only if fq(S 0 , S 1 ) = 0.
Gabai did not state Theorem 5.1 in terms of fq, but his statement is equivalent to the the constructive direction of Theorem 5.1. Schneiderman and Teichner then obstructed isotopy in the remaining cases by using the invariant fq. (Recall from Proposition 4.9 that we may take S 0 and S 1 to be based -homotopic without loss of generality.) Similarly, Theorem 3.2 has a more general statement when the ambient 4-manifold has 2-torsion in its fundamental group. Again, the obstructive direction comes from [ST19] , using Lemma 4.9 to assume that S 0 and S 1 are based-homotopic.
Note that in Theorem 5.2, the hypotheses on S 0 and S 1 are less restrictive then in Theorem 5.1 (in that S 1 may intersect G geometrically many times), and in turn the conclusion is a weaker relation (concordance rather than isotopy).
Concordance of surfaces in 4-manifolds
In [Sun15] , Sunukjian proves the following theorem that generalizes the result of Kervaire that all 2-knots are slice [Ker65]:
Theorem 6.1 ([Sun15, Theorem 6.1]). Let X 4 be a simply-connected 4-manifold. Let Σ 0 and Σ 1 be compact, oriented, embedded, homologous surfaces in X 4 of the same genus. Then Σ 0 and Σ 1 are concordant.
Sunukjian then goes on to use Theorem 6.1 to study manifolds with nontrivial fundamental group [Sun15, Theorem 6.2]. The main strategy is to require π 1 (Σ i ) to include trivially into the 4-manifold so that Σ i can be lifted to the universal cover X. In X × I, the various lifts of Σ 0 × {0}, −Σ 1 × {1} then cobound embedded copies Y g , g ∈ π 1 (X) of Σ i × I which pairwise intersect. In the cover, one may attempt to equivariantly surger these 3-manifolds to force them to be disjoint, and then use the proof methods of the simply-connected case to do further equivariant surgery to obtain a disjoint collection of concordances. These concordances then project to a concordance in X × I.
There is a subtle problem in this approach, as pointed out in [Mil19, §1] , that calls attention to 2-torsion in π 1 (X). A difficulty arises when some element g of π 1 (X) fixes a circle C of intersection in Y 1 ∩ Y g . If we attempt to surger Y 1 at C to remove this intersection, then in order to do the surgery equivariantly we must then surger Y g at C as well -potentially causing us to accidentally create a new circle of intersection near C if we are not careful during this surgery operation. In fact, this obstacle is precisely the motivation for the definitions of µ 3 and fq given in Propositions 4.7 and 4.8.
Before proving Theorem 1.2, we review the techniques used in [Sun15] to modify embedded 3-manifolds in a 5-manifold. For our modification of the argument, we will also need to use these techniques on immersed 3-manifolds in a 5-manifold. The general principle is to surger the 3-manifold along 4-dimensional handles embedded in the ambient 5-manifold. Definition 6.2 (Ambient Dehn 1-surgery). Let Y 3 be a 3-manifold embedded in a 5-manifold W 5 . Suppose that we are given an arc α in W with endpoints on Y and interior away from Y . Frame α; now the unit 3-ball bundle over α yields a I × B 3 , along the boundary of which we may surger Y to obtain an embedded 3-manifold Y . Choose the framing of α so that Y ∼ = Y #S 1 × S 2 . We say that Y is obtained from Y by ambient Dehn 1-surgery along α. The "1" refers to the fact that Y is being surgered along a 4-dimensional 1-handle. Definition 6.3 (Ambient Dehn 2-surgery). Let Y 3 be a 3-manifold embedded in a 5-manifold W 5 . Suppose that we are given a circle γ ⊂ Y with an integral framing. If some pushoff of γ into W is null-homotopic in W , then there exists an embedded disk ∆ ⊂ W with Y ∩ ∆ = γ (∆ is embedded since we are in dimension 5). If ∆ has the property that there exists a 2-dimensional subbundle of its trivial 3-dimensional normal bundle N W ∆ that has a trivialization extending the trivialization coming from the framing on the boundary circle in N Y γ, then the unit disk bundle over ∆ yields a copy of D 2 × D 2 in W that intersects Y in a tubular neighborhood of γ, such that (Y − S 1 × D 2 ) ∪ (D 2 × S 1 ) is the 3-manifold obtained by performing the Dehn surgery on Y along γ using the specified framing. We call this move ambient Dehn 2-surgery, where the "2" refers to the fact that Y is being surgered along a 4-dimensional 2-handle.
Remark 6.4. Note that when performing ambient Dehn 2-surgery along a disk ∆, the choice of framing on ∆ determines the framing of the underlying Dehn surgery. Given an unframed ∆, we can certainly frame ∆ and perform some ambient Dehn 2-surgery, but we may not be able to frame ∆ to produce a desired framing. In the ensuing arguments, we will generally not care about the framing of the underlying Dehn surgery, so do not have to overly worry about framings on disks. Framing issues are handled by Sunukjian in the proof of Theorem 6.1, which we cite.
We can also perform ambient Dehn 2-surgeries along many disjoint disks simultaneously. That is, suppose that say π 1 (W − Y ) = 1, and we are given several disjoint curves γ ⊂ Y along which we want to do an ambient Dehn surgery. The existence of disjoint embedded disks meeting Y in γ is guaranteed by our condition that π 1 (W − Y ) = 1 (again since we are in a 5-manifold surfaces will generically not intersect). Again, we may use the disks to perform ambient Dehn 2-surgery to Y along γ. The choice of framing of the disks determines the framing of this Dehn surgery. If we initially specify a choice of framing of each curve in γ, then there is no guarantee that the disks will have the desired 2-dimensional subbundles of their normal bundles such that the framing trivializations extend.
In the proof of Theorem 6.1 in [Sun15] , Sunukjian begins by taking some 3manifold Y in X 4 × I with boundary Σ 0 × {0} −Σ 1 × {1}. The fundamental group conditions ensure the existence of disks bounding surgery curves in Y . The fact that all 3-manifolds are spin-cobordant is used to show that a framed link γ that surgers Y to Σ 0 × I can be chosen so that the specified surgery can be carried out ambiently, as described above. In our proof we will be using Theorem 6.1, or rather the following result which is proved implicitly in [Sun15]: Theorem 6.5 ([Sun15, Theorem 6.1]). Let Y 3 ⊂ W 5 be a properly embedded submanifold, where Y is compact, W is not necessarily compact and is simply-connected, and π 1 (W − Y ) is cyclic. Let Y be any other compact 3-manifold with ∂Y ∼ = ∂Y . Then there is an ambient Dehn surgery that can be performed on Y in W 5 that yields an embedded 3-manifold diffeomorphic to Y .
There are two situations in which we will use ambient Dehn 2-surgery. Together, these two moves will be used to eliminate double points of 3-manifolds immersed in 5-manifolds. Now we will assume that Y is immersed in W and intersects itself in a 1-manifold. For simplicity, we will assume that this 1-manifold is just a single circle γ. By finding a disk ∆ ⊂ W with ∆ ∩ Y = γ, we can then surger Y along ∆ (or rather a copy of ∆ that meets Y at some parallel curve to γ) with some framing, to obtain a new 3-manifold Y ⊂ W . Now γ is an unknot in Y . By using this move we can, "unknot the intersections" -see Figure 6 . This is also pictured in Figure 5 in [Sun15] .
Let Y 1 , Y 2 be embedded 3-manifolds in W 5 with a single circle of self-intersection γ so that γ is an unknot in Y 1 . Let ∆ be a disk bounding γ contained in Y 1 . Then by performing any ambient Dehn 2-surgery along ∆ on Y 2 , we obtain a new 3-manifold Y 2 that is disjoint from Y 1 . Thus, this move, "eliminates the double points." See Figure 6 here or Figure 6 in [Sun15] .
To reiterate, for the purposes of our argument, we generally do not need to worry about framings on curves or disks. (That is, we generally want to perform ambient Dehn surgery on a specific link without minding the specific surgery framing.)
Proof of Theorem 1.2. Let X denote the universal cover of X. Choose a preferred basepoint above the basepoint of X. By Lemma 4.9, we may take S 0 and S 1 to be based-homotopic with no loss of generality. (We implicitly used this fact to state Theorem 1.2 and make sense of whether fq(S 0 , S 1 ) vanishes or not.)
Fix a based homotopy from S 0 to S 1 and look at its track H : S 2 × I → X × I. Let H 1 denote the lift of H to X × I based at the basepoint of X. Let H g denote the g-translate gH 1 of H 1 , where g ∈ π 1 (X) and π 1 (X) acts on X as usual.
The meridian of S 0 in X × {0} lifts to a meridian of H 1 . Seifert-van Kampen shows that π 1 ( X × I − H 1 ) is normally generated by this meridian. Because the meridian of S 0 is null homotopic in X − S 0 , the lift of the meridian is null-homotopic in X × I − H 1 and therefore π 1 ( X × I − H 1 ) = 1.
Additionally, π 1 ( X × I − ∪ g H g ) = 1. To see this, note that the group is normally generated by meridians of each of the H g , and each of these meridians can be taken as a lift of the meridian of S 0 . Additionally, the nullhomotopy of the meridian of S 0
If fq(S 0 , S 1 ) = 0, then we know immediately that S 0 and S 1 are not concordant, since, by [ST19] , a concordance could be used to compute fq(S 0 , S 1 ) = 0. We now assume fq(S 0 , S 1 ) = 0. We will use the interpretations of µ 3 and fq that appear in §4.2.2 (Definitions 4.7 and 4.8), namely the 5-dimensional definitions through covering spaces.
Fix fq(H) ∈ F 2 T X , where the coefficient of g in fq(H) is the number of components of H 1 ∩ H g fixed (setwise) by the action of g. Since fq(S 0 , S 1 ) = 0, there exists f ∈ π 3 (X) so that µ 3 (f ) = fq(H). We alter H near X × 0 by surgering H along f near the basepoint. That is, delete a small ball B in H ∩ f (S 3 ) from H and reglue Proposition 6.6. We can perform equivariant ambient 1-surgeries to ∪ g H g to obtain a collection of immersed cobordisms {Y g } with ∂Y i = ∂H i with the property that for each g ∈ T X , g fixes no components of Y 1 ∩ Y g setwise.
Proof. Refer to Figure 7 . By assumption, there are an even number of circles H 1 ∩H g that are fixed by g, for each g ∈ T X . Let γ 1 and γ 2 in H 1 ∩H g denote two such circles and let α denote an arc in H 1 connecting γ 1 and γ 2 . Take the interior of α to avoid self-intersections of H 1 and intersections of H 1 with H g for any g ∈ π 1 (X). (This is possible because H 1 is connected and 3-dimensional while these intersections are 1-dimensional.)
Now for each h ∈ π 1 (X), we have an arc h · α ⊂ H h from h · γ 1 to h · γ 2 , with h·γ 1 , h·γ 2 ∈ π 0 (H h ∩H hg ). Use all of these arcs h·α to equivariantly perform ambient Dehn 1-surgeries to H hg . Let Y s denote the manifold obtained after performing these 1-surgeries to H s . The effect of this is to replace the circles of intersection γ 1 , γ 2 , with new circles of intersection γ 1 , γ 2 ∈ π 0 (Y 1 ∩ Y g ) where now g · γ 1 = γ 2 . (Translations of γ 1 and γ 2 are similarly altered, but these circles are not contained in Y 1 .) Thus, in Y 1 ∩ Y g there are now two fewer circles fixed by g. Since by assumption there are an even number of circles in Y 1 ∩ Y g fixed by g, by repeating this process we can eliminate all of these circles. We take {Y g } to be the resulting cobordisms after performing all equivariant 1-surgeries.
Note that since {Y g } is obtained from {H g } by ambient 1-surgeries, π 1 ( X × I − ∪ g Y g ) = 1. Proposition 6.7. We can perform equivariant ambient Dehn 2-surgeries to {Y g } to obtain a disjoint collection of embedded cobordisms {M g } between lifts of S 0 to lifts of S 1 with the property that π 1 (X − ∪ g M g ) = 1.
In Proposition 6.7, the manifolds M g are not necessarily products. We will invoke the proof of Theorem 6.1 in [Sun15] to conclude that we can further surger the results equivariantly to obtain disjoint π 1 (X)-translates of S 2 × I, as desired. This uses the moves outlined at the beginning of the section.
Proof of Proposition 6.7. We follow the strategy of [Sun15] . Refer to Figure 6 .
First, we deal with self-intersections of Y 1 . Given a circle of self-intersection γ in Y 1 , choose a disk ∆ ⊂ X × I with boundary γ so that the interior of ∆ is disjoint from ∪ g Y g . Push the boundary of ∆ slightly off γ into Y 1 . Pick an arbitrary framing on ∆. (The disks in this argument must be framed so that we can perform surgery equivariantly. However, we do not actually care about the specific framing on ∆.) Perturb the interior of ∆ as necessary so that ∆ is disjoint from all of its translates under the action of π 1 (X). Perform equivariant ambient Dehn 2-surgery on each Y g using g · ∆ to obtain a new manifold, which we again call Y g . Now γ is unknotted in Y 1 and unlinked with every other component of self-intersection of Y 1 . (See Figure  6 .) Repeat this procedure for every circle of self-intersection of Y 1 so that now the self-intersections of Y 1 form an unlink L in Y 1 .
Choose a collection of framed disks in Y 1 with boundary L. Perform equivariant ambient Dehn 2-surgery along the translates of each disk in this collection, so that now Y g is embedded for every g ∈ π 1 (X).
We similarly perform equivariant ambient Dehn 2-surgeries on {Y g } to pairwise remove intersections as follows. Given g ∈ π 1 (X) with g 2 = 1, then we again find a set of disjoint framed disks bounding the curves in Y 1 ∩ Y g who are disjoint from all of their translates. After doing equivariant surgery on {Y h } using these disks and their translates, we see Y 1 ∩ Y g is now an unlink in Y 1 (as in Figure 6 ). We Figure 7 . Top row, left: A schematic of H 1 and H g , featuring arcs of two circles of H 1 ∩ H g fixed componentwise by the action of g. Top row, right: We equivariantly perform ambient 1-surgeries to change these circles of intersection. The resulting manifolds are Y 1 and Y g . Bottom row: A combinatorial description of the top row move; we indicate two points permuted by the action of g. Here we see that after the surgery, the two circles are permuted by g.
can then perform ambient Dehn 2-surgery on Y g , and equivariantly on all other translates, so that Y 1 becomes disjoint from Y g . (Similarly, Y h is disjoint from Y hg for all h ∈ π 1 (X).)
If g ∈ T X , then the action of g permutes the circles in Y 1 ∩ Y g in pairs (here we use Proposition 6.6). Fix a circle γ in Y 1 ∩Y g . Then g 2 ·γ = γ = g ·γ. Pick one curve from each such pair {γ, g · γ}, giving a set of curves {γ 1 , ..., γ k } with Y 1 ∩ Y g equal to the disjoint union of {γ 1 , ..., γ k } and {g · γ 1 , ..., g · γ k }. Find disjoint framed disks ∆ bounding γ 1 ∪ · · · ∪ γ k (disjoint from ∪ h Y h in∆) and perturb ∆ to be disjoint from all π 1 (X)-translates of ∆. Perform equivariant ambient Dehn 2-surgery along the disks ∆ and then again perform equivariant ambient Dehn 2-surgery using disks bounded by the resulting unlink in Y 1 . Repeat for every g ∈ T X , so that Y 1 is now disjoint from every Y h , h ∈ π 1 (X).
Let {M g } denote these resulting mutually embedded manifolds. Since all surgeries were done equivariantly, M g = g·M 1 . We conclude M g is embedded and M g ∩M h = ∅ for g = h ∈ π 1 (X).
All of the ambient Dehn 2-surgeries in this proposition took place in the interior of X×I, and thus far from the lifts of S 0 and the immersed dual of S 0 . We thus conclude that a meridian of M h is nullhomotopic in X × I \ ∪ g M g , so π 1 (X − ∪ g M g ) = 1. Now by applying Theorem 6.5, we can equivariantly ambiently Dehn 2-surger the {M g } to be disjoint concordances. (That is, Theorem 6.5 gives instructions on how to ambiently Dehn 2-surger M 1 to obtain an embedded S 2 × I. When performing each of these ambient Dehn 2-surgeries, we simultaneously perform all translates, which are generically along disjoint disks.) Projecting M 1 to X × I thus yields a concordance from S 0 to S 1 .
Examples
In this section we give a pair of examples from the literature that illustrate the necessity of the hypotheses in Theorem 1.2. The first example is due to Hannah Schwartz and it demonstrates the necessity of the condition that f q = 0. We use this example to illustrate our view of f q in terms of lifts of covers from [Sch19] . The second example highlights the relationship between Theorem 1.2 and a theorem in [ST19] , namely, we are assuming that one of the two spheres has a null homotopic meridian and concluding that the surfaces are concordant, whereas in [ST19] , the authors are assuming that both spheres have a common geometric dual and concluding that the surfaces are isotopic. The assumptions we make (and the conclusion we derive) are weaker than those in the theorem in [ST19] (the 4-dimensional light bulb theorem). The example we give, which appears in [Sat91] , demonstrates that this weaker conclusion is strictly necessary and highlights the difference between concordance and isotopy.
Example 7.1. In [Sch19] , Schwartz constructs two 2-spheres S 0 , S 1 in a 4-manifold X 4 with π 1 (X) = g | g 2 = 1 containing a 2-sphere G with trivial normal bundle intersecting S 0 and S 1 each transversely once. This example is interesting because Schwartz shows that S 0 and S 1 are not isotopic or even concordant. She then computes fq(S 0 , S 1 ) = g, illustrating that the Freedman-Quinn invariant can be used in this example to distinguish S 0 and S 1 . In Figure 8 , we draw a schematic of the universal cover of X and the lifts of S 0 and S 1 in order to re-compute fq(S 0 , S 1 ) using the definition of fq through covering spaces.
Example 7.2. The following appears in [Sat91] . We give two 2-spheres that are concordant but not isotopic in S 2 × S 2 . The first sphere is S 0 := S 2 × pt which satisfies the hypothesis that the meridian circle is null homotopic in the complement. Any sphere in the same homotopy class of S 0 is concordant to S 0 , by Theorem 6.1. Figure 8 . A schematic of X × I, where X is the manifold constructed by Schwartz [Sch19] . Each column represents a copy of X × t, so that the I axis is horizontal. The action of g is to rotate each cell through an angle of π. Left column: A movie of the lift S 0 of S 0 to X. Right column: A movie of the lift S 1 of S 1 to X. Whole diagram: We find equivariant concordances between the components of S 0 to the components of S 1 ; one concordance is colored red and the other is colored blue. Even though these concordances are individually embedded, they intersect in a single circle C which is preserved setwise by the action of g. We conclude that fq(S 0 , S 1 ) = g = 0 ∈ F 2 T x /µ 3 (π 3 (X)) = F 2 {g}. Thus, as shown by Schwartz [Sch19] , the spheres S 0 and S 1 are not concordant.
We aim to construct a sphere S 1 with [S 1 ] = [S 0 ] but π 1 (S 2 × S 2 − S 0 ) = 1 = π 1 (S 2 × S 2 − S 1 ) and therefore conclude that S 0 and S 1 are not isotopic.
Let K be a 2-knot (a knotted 2-sphere) in S 4 and let C be a loop embedded in S 4 − K that is homologous to a meridian of K in S 4 − K. Surgery on C yields S 2 × S 2 , in which we may view K as the sphere K(C). The assumption that C is homologous to a meridian of S 4 − K ensures that the resulting sphere K(C) represents the homology class [K(C)] = [S 0 ].
By Seifert-van Kampen, π 1 (S 2 × S 2 − K(C)) = π 1 (S 4 − K)/ C , where C is the normal subgroup generated by C. Take K to be the 5-twist spun trefoil knot [Zee65] . We have π 1 (S 4 − K) = G × Z where G =< a, b; a 3 = b 5 = (ab) 2 > is a perfect group of order 120 (the binary dodecahedral group). Take C to generate the Z factor and set S 1 := K(C). Thus, S 0 and S 1 satisfy the hypotheses of Theorem 1.2 and are indeed concordant, but are not ambiently isotopic.
See Figure 9 for an illustration; we include this partly because extracting the generator of the Z summand from Zeeman's [Zee65] original description of π 1 (S 4 −K) takes some effort.
Higher genus surfaces
With suitable hypotheses, we find that the main arguments of this paper also work with 2-spheres replaced by closed, orientable, positive-genus surfaces. Our starting point is again Theorem 6.1 from [Sun15] , which we plan to extend to nonsimplyconnected manifolds by adding a hypothesis that a version of the Freedman-Quinn invariant vanishes.
Let F be a closed orientable surface and let F 0 , F 1 : F → X be two basedhomotopic embeddings of F . Further assume that π 1 (F 0 ) and π 1 (F 1 ) map trivially under inclusion to π 1 (X). Then we can define µ 3 (H) for any generic map H : (F, * )× I → (X, * )×R×I with H(F ×0) = F 0 ×{0}×{0} and H(F ×1) = −F 1 ×{0}×{1} as in Definition 4.1 by again assigning an element of π 1 (X) to each self-intersection of H. The condition that π 1 (H) maps trivially to π 1 (X) ensures these group elements will be well-defined and be contained in T X ∪ {1}; we sum these elements to obtain µ 3 (H) ∈ F 2 T X .
To define f q(F 0 , F 1 ) as we did when F 0 , F 1 were 2-spheres, we need only to see that the choice of H does not affect µ 3 (H) (up to µ 3 (π 3 (X))). We must reprove a lemma analogous to Lemma 4.4 in [ST19] .
Lemma 8.1. Let H : F × I → X × R × I be a generic map where the two ends are contained in X × {0} × {0} and X × {0} × {1} (respectively) and are identical (as submanifolds of X × R, with opposite induced orientations) and have trivial image in π 1 (X). Then µ 3 (H) ∈ µ 3 (π 3 (X)).
Proof. By [ST19, Lemma 4.4], it is sufficient to find a map J : S 2 × I → X × R × I with the above property of having identical ends and with µ 3 (H) = µ 3 (J). Suppose F i is genus g. Fix an essential loop α in F 0 away from the basepoint of F 0 . Homotope H rel boundary so that for all t, H(α × {t}) agrees with H(α × {0}) after projecting to X × R. (Here we are using the condition that H(α × {t}) is nullhomotopic in X.) Do further homotopy as necessary so that that all of the self-intersections of the homotopy occur away from H(α × I).
Since X × R × {0} is 5-dimensional, α × {0} bounds a framed embedded disk D 0 in X × R × {0} that is disjoint from the image of H except at its boundary, where the disk is normal to H. Let D t be a copy of D 0 translated to X × R × {1}. Perturb D 0 as necessary so each D t (0 < t < 1) that intersects H in its interior does so transversely. Now compress H along the 4-dimensional 2-handle ∪ t∈[0,1] D t × I, where D t ×I ⊂ X ×R×{t}. In words, we simultaneously compress each cross-section of H along a copy of D t . This yields a map H : Σ g−1 × I → X × R × I. Figure 10 . In Lemma 8.1, we compress cross-sections of a homotopy H of genus-g surfaces to obtain a homotopy H of genus-(g − 1) surfaces. Left: D t is a compression disk intersecting H transversely. The boundary of D t is an essential curve α in F t , so there exists a based curve β in F t intersecting α exactly once. Right: We draw two copies of H near D t . Each point of intersection D t ∩ H yields two points of self-intersection of H . The group elements g p , g q contributed by these points to µ 3 (H ) are related by= [β]g p . By assumption, [β] = 1, so g p = g q . We claim µ 3 (H ) = µ 3 (H). (In this argument, we use Definition 4.1.) We note that H has exactly the same self-intersections as H, as well as two new selfintersections for each intersection of H with the interior of some D t . Each such pair of self-intersections contributes the same group element to µ 3 (H ); see Figure 10 . Since the codomain F 2 T X of µ 3 is characteristic 2, we conclude that µ 3 (H ) = µ 3 (H).
Proceeding inductively on g, we eventually find a map J : S 2 × I → X × R × I as desired.
Thus, we can define f q(F 0 , F 1 ) for based-homotopic positive-genus surfaces. We now extend Lemma 4.9 to apply to positive-genus surfaces.
Proposition 8.2. Let F 0 and F 1 be smoothly embedded genus-g in a smooth 4manifold X 4 so that π 1 (F i ) maps trivially into π 1 (X). Let G be a 2-sphere immersed in X. Assume that F 0 intersects G transversely once at a point z and that F 0 and F 1 are homotopic. Then after a isotopy of F 1 , F 0 and F 1 are based-homotopic with basepoint z.
The proof is essentially the same as for Lemma 4.9, but we restate the proof here for completeness.
Proof. Let H : Σ g × I → X × I be a free homotopy of F 0 to F 1 . Take H to be transverse to G and consider L = H −1 (G × I), a properly embedded 1-dimensional submanifold of Σ g × I. Note the boundary of L consists of z 0 × 0 and an odd number of points of the form y i × 1. Let L 0 be the component of L containing z 0 × 0 and assume the other endpoint of L 0 is y 0 × 1. Compose H with an isotopy of F 1 taking H(y 0 ) to z by isotopy in G and set the resulting composed homotopy to be H. Now ∂L 0 = z 0 × {0, 1}. Since π 1 (H(Σ g × I)) maps trivially into π 1 (X × I), H(L 0 ) is homotopic rel boundary to z × I. Moreover, we have H(L 0 ) ⊂ G × I away from self-intersections of G × I, so H(L 0 ) is a contractible based loop. Contracting this loop yields a based homotopy from Σ 0 to Σ 1 .
The proof of Theorem 1.2 applies directly to yield: Theorem 8.3. Let F 0 and F 1 be two homotopic embedded genus-g surfaces in a 4-manifold X 4 . Assume π 1 (F i ) maps trivially into π 1 (X) and that a meridian of F 0 is nullhomotopic in X − F 0 .
Then F 0 and F 1 are concordant if and only if fq(F 0 , F 1 ) = 0.
As in Theorem 1.2, we implicitly define fq(F 0 , F 1 ) to be fq(F 0 , F 1 ), where F 1 is isotopic to F 1 and based-homotopic to F 0 (via Lemma 8.2). Since isotoping F 1 does not affect whether F 0 and F 1 are concordant, the choice of F 1 does not matter in Theorem 8.3.
The analogue of Corollary 1.3 follows immediately from Theorem 8.3 and the proof of Corollary 1.3.
Corollary 8.4. Let F 0 and F 1 be genus-g surfaces embedded in a 4-manifold X 4 with good fundamental group in the sense of Freedman and Quinn [FQ90] . Assume that F 0 and F 1 are homotopic, π 1 (F i ) maps trivially into π 1 (X) for each i, and the meridian of F i is nullhomotopic in X − F i for each i. Then if fq(F 0 , F 1 ) = 0, there exists a homeomorphism of pairs (X, F 0 ) ∼ = (X, F 1 ). 8.1. Further questions: nontriviality of π 1 (F i ) → π 1 (X). So far in Section 8, we have required π 1 (F i ) to map trivially into π 1 (X 4 ). This condition ensures that F i and homotopies of F 0 to F 1 lift to X and X × I respectively, and allows us to define the Freedman-Quinn invariant fq(F 0 , F 1 ) if F 0 and F 1 are based-homotopic. When F 0 and F 1 are based-homotopic but π 1 (F i ) maps nontrivially into X 4 , then fq(F 0 , F 1 ) is undefined.
Question 8.5. Let F 0 and F 1 be genus-g based-homotopic surfaces in a 4-manifold X 4 . Assume that a meridian of F 0 is null-homotopic in X − F 0 .
(1) What conditions on the homotopy between F 0 and F 1 ensure that F 0 and F 1 are concordant? (2) What conditions obstruct F 0 and F 1 from being concordant?
(3) The same as Questions 1 and 2, if we assume [F 0 ] = [F 1 ] ∈ H 2 (X; Zπ 1 (X)).
Note that [F 0 ] = [F 1 ] ∈ H 2 (X; Zπ 1 (X)) implies that the lifts of F 0 and F 1 to X are componentwise homotopic. This condition holds automatically when π 1 (F i ) includes trivially into π 1 (X).
